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ions and related exceptional homogeneous spaces

van der Meer

ACT

This paper describes several homogeneous spaces related to
tonions: the projective octonion plane F4/Spin(9) and the sp
Spin(9)/Spin(7), s’ = Spin(7)/G2, sb - GZ/SU(3). In order t
ition self-contained, the basic properties of the octonions
1 algebra of 3x3 Hermitian matrices over the octonions are a
ed.

The paper does not contain essentially new results, but it

s a rather elementary introduction to this subject.

DS & PHRASES: Homogeneous space, exceptional homogeneous sp
composition algebra, non-associative algebra,

exceptional Lie group, Jordan algebra.
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PREFACE.

This paper is fitting in the research on "Special functions and group
theory', which is part of the research program of the Department of Applied
Mathematics.

The spherical functions on the homogeneous space S15 = Spin(9)/Spin(7)
(cf. TAKAHASHI [24], SMITH [21] and JOHNSON [17]) turn out to be orthogo-
nal polynomials in two variables, belonging to a known class of special
functions. In trying to understand this group theoretic interpretation it
turned out that the algebraic preliminaries on octonions and Jordan algebras,
as available in literature at the moment, are either rather inaccessible
for analysts, or incomplete. Our intention in this exposé is to make things
more clear for readers without much algebraic and Lie theoretic background.

Although our work is mainly aimed at assisting in the above mentioned
investigations, it may be of some interest for people who are merely interes-
ted in the (introductory) theory of non-associative algebra.

The main subject of this paper is the algebra of octonions
over the real numbers, which is described in detail and which is used to
obtain several homogeneous spaces, in particular the one mentioned above and
the Cayley elliptic plane F4/Spin(9).

All homogeneous spaces considered are exceptional in the sense that
they are not contained in any of the classical infinite sequences of homo-
geneous spaces, e.g. Sn_] ~ S0(n)/S0(n-1).

Moreover, one might say that they form a complete set of exceptions
in the classification of all transitive actions of compact connected simple
Lie groups on simply-connected spaces, as was demonstrated in papers by
A. BOREL {5],[6] and D. MONTGOMERY & ‘H. SAMELSON [19].

Throughout, global methods are used, rather than infinitesimal
methods.

The applications in the theory of special functions will be considered

in a forthcoming report by T. Koornwinder and the author.
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PROBLEM OF HURWITZ.

Nith a pair (V,N) we mean a vector space V over a field F of
teristic not two, and a mapping N:V = F, that satisfies:
V1. N(ox) = aZN(X) (aeF,xeV)
N2. (.I.): V2 + F, defined by
(x|y):= [N(xty) - N(x) - N(y)]

is bilinear.

(N is called a quadratic form on V).
We say that such a pair (V,N) is a composition algebra

in addition to N1 and N2, it enjoys the following properties

1. V admits a bilinear composition, say xy, that is respect
i.e: N(xy) = N(x)N(y) Vx,yevV,

32. the form (.|.) is nondegenerate,

23. V is finite dimensional and

C4. there is an identity element in V; 1.

REMARK. It is possible to prove the following assertion: V i
iff V is an alternative algebra (i.e. xzy = x(xy) and yx2 =
vx,yeV) with an identity element and an involution X > X, s

(i) x+XeF, (ii) xX =: N(x) ¢ F, where F is the base field.

JUESTION: (slightly simplified problem of Hurwitz). Given an
field F (char(F)#2), determine all composition alg
over F.

ANSWER : There are exactly four types of c.a's over F, of d
1,2,4 and 8. They can be constructed from F by mea

certain doubling process, which is described below

The proof of this statement (in [15]) is mainly based on two
(1) this doubling can be reversed to "halving'", which is app
to any c.a. (and must eventually lead to the base field),

(2) starting with F we would lose alternativity in the fourt

(see remark above).




The doubling process looks as follows: let V be a c.a., u a nonzero
element of V, A an element "outside" V, and consider V' := V & V),

equipped with the following multiplication:
(1) (a+b)r) (c+dr) :=(ac+udb)+(da+bT));
the bar denotes the above mentioned involution in V.

HURWITZ [29] solved the problem himself, in 1898; other proofs
are to be found in FREUDENTHAL [9], JORDAN etc. [18] (using represen-
tation theory), and JACOBSON [15].

The purpose of this chapter is to show that so-called Cayley algebras
(or octonion algebras) arise in a natural way in the solution of this
problem: they are the composition algebras of dimension eight.
Until further notice we will restrict ourselves to the case F = IR,
the field of real numbers.
p has to be smaller than zero if we want to have division algebras,
and it is most convenient to set u = -1.
Then:

dim 1 corresponds to IR

dim 2 corresponds to € (the complex numbers)
dim 4 corresponds to IH (the quaternions)
dim 8 corresponds to 0 (the octonions).
REMARK: Octonions (or octaves) were first mentioned by HAMILTON [28]

in 1848, after they had been discovered (?) earlier by Graves.

Sometimes they are called: Graves—Cayley numbers.

[(THMETHICS .

We set IK, = IR, KK = 0;

0 1 2 4
Choosing the symbols for A accordingly, we have

=C, XK, = H, K

'.IK1 = IKO ® ]KOel

]1(2 = ]Kl ® ]K]e2

]K4 = ]1(2 ® ]KZel;'




FE

From the multiplication rule (1.2.1) (with u = —-1) one sees:

2 2

(1 el2 =e, =e, = -1

(2) H is not commutative (e.g. ee, =

(3) 0 is neither commutative mnor associative

- ezel)

(e.g. el(e2e4) = - (elez)e4).

In IKO we put X:= x, N(x):= lez = x2,vand inductively we give

the following definitions:

(4) x:= X, - x,e. (for x € BKi, X = x + Xye. X

(i,j) € 1(1,0),(2,1),(4,2)})

,X, € IK:

172 3°

By induction: X = x and ¥y = § X.
2

) NG = [x[2 =@ == (= |z, 1P+ |xylD)
(6) Re(x):= }(x+X)
(so Re(xy) = Re(yx) and Re(x) = Re(X))
(7) (x|y):= Re(xy) = Re(¥x)
(= $(xry]? =[xl - [y]%0).

This defines a real inner product in BKi.

It follows that

@) |xy| = [x|]y]

(The proof of this identity is rather computational. In applying tl
induction process it is crucial that one starts with an associatiwvi
algebra.)

-1 -2 — . . .
(9) x := |x| X (x#0) is the two-sided inverse of x in K,.
i

'2.2) Next, we derive a number of identities, which are valid in ]Ki for
i=0,1,2,4, but mostly trivial for i = 0,1,2. The main purpose is
finding substitutes for associativity in IK4 = 0.

Let x,y,x',y',a,z be arbitrary elements of BKi.

By (2.1.7) and (2.1.8) we have

(1) |x)Gly) = xylxy).

Linearization leads to

(2) (xy'lx'y) + (xy|x'y") = 2x[x")(yly").




Jith the help of this identity we derive

(ay'|y) - (v'|(2Re(a)-a)y)
(ay'|y) + (y'|ay) - 2Re(a)(y'|y)
2(al D (y'|y) - 2Re(a) (y'|y)

0.

ay'ly) - (v'|3y)

\]

1)

(taking x = a, x

lence,

3) (ax|y) = (x|3y) and (xaly) = (x|ya).

Ialz(XIy) - (ax|ay)
0 (by (2))

2 —
rrom (x|lal®y - a(ay))

ind the nondegeneracy of (.I.) it follows that
W) F(ay) = |al’y = (ya)m.

jubstituting @ = 2Re(a)-a gives

5) azy = a(ay) and ya2 = (ya)a,

shich are the defining relations for alternative algebras (cf. (1.1)).

Jet
A(x,y,2) = (xy)z - x(yz).

(his expression is called the associator of x,y and z. Linearization

>f (4) and (5) yields

(6) A(x,y,z) = sign(0) A(o(x),0(y),0(2)), (o€ Sj;).
3ut then A(a,x,3) = A(a,x,a) = 0, so

(7) (ax)z@ = a(xa) and (ax)a = a(xa).

?inally, we will derive two important identities, due to Ruth Moufang:

(8) a(xy)a = (ax)(ya)

(9) (axa)y

a(x(ay))

(in subsequent sections referred to as the first and second Moufang

identity, respectively.)

(a(xy)|za)

PROOF. (a(xy)alz)
2(alz) (xy|3) - (lal?|z(xy)).

(by (2))




(axlz('é'"y')) |
2al2) x|Z T - (a]?] zx)y).

((ax) (ya) |z)
(by (2))

Since (llz(xy)) (1|(zx)y), these expressions are equal and, with the

nondegeneraéyvof’(.l;), (8) follows.

Furthermore, (a(x(ay))lz) = (x(ay)]E'z)
= (x| (@ 2)F 7))
(by (8)) = (x|a(zy)a)

((axa)y|z). O

Summary:

(2.2.3) (ax|y) = (x]ay),(xaly) = (x]|ya)
(2.2.4) a(ay) = lal?y = (ya)@

(2.2.5)  a’y = afay), ya- = (ya)a
(2.2.6) (actually a result from (2.2.6))

(xy)z + y(zx) = x(yz) + (yz)x

(xy)z + (x2)y = x(yz) + x(zy)

(xy)z + (yx)z = x(yz) + y(xz)
(2.2.7) (ax)a = a(xa),a(xa) = (ax)a
(2.2.8) (ax)(ya)
(2.2.9) (axa)y.

a(xy)a

a(x(ay)).

We can easily find orthonormal bases for IKi (i=1,2,4), over the
real numbers, BKO:
(l,e]) for €,

(l,el,e ,elez) for M, and

2
(l,e],ez,elez,e4,ele4,e2e4,(elez)eA) for 0.
It is convenient to set ee, = eg
(Note that for all i,j we have eiej =

e6 and e3e4 = e7.

, e e4 = e, e2e4 =
ier for some r).

An octonion X can thus be represented as

X = x0+x]e1+ ....... 2..+x7e7, xi 62 R.

Yow |x|© = Xg * X bl X, X = Xy T K@ eeeenen “X,e.,
Re(x) = X and, if y Yo + yle]+ .......... +y7e7

(xly) = Xg¥o t X Y e, +x7y7

Je will conclude this section with some remarks about the structure

>f this basis.




1) e.” = -1, 1<iz<7

- _ < . o
2) e.e. ejei, 1.<1i#3<7

3) if eiej =e_ then ec(i)eo(j) = 31gn(o)ec(r), (o € S3)

4) ei(ejer) —ej(eier), 1 <i#j<7¢&1<r<7

5) ei(ejer) —(eiej)er, 1 <1i# ] #vr #1i<7.

1),(2) and (3) ean be found by the multiplication rule (1.2.1), and
ombination of them yields:(4) and (5).

corollary is
6) A(x,y,2) =0 -V x, ye O implies z ¢ IR.

his will be used in the next section.
LITY.

he orthogonal group of the eight dimensional Euclidean space can
e identified with that of 0, with respect to the bilinear form
.|.), defined in the previous chaptér. This group is denoted by
1(8), and its subgroup consisting of matrices X with det(X) = 1

v S0(8).

RINCIPLE OF TRIALITY:

'or each T € S0(8), there are T],T2 e S0(8) such that:

1) T(x)T, (y) = Tz(xy) VX, yeO-

loreover: (TI’TZ) being such a pair implies: the only other pair

atisfying (1) s (-Tl’—TZ)'

'ROOF. We make use of two facts:
i) each T € SO0(8) is a product of an even number of reflections in

even dimensional subspaces. Such reflections have the form:

:a(x) = x - 2(x|a)a, where a € 0, |a] =1, so Sa(x) = —-axa
by (2.1.6) and (2.1.7)). “
11) If La denotes the left translation by a (La(x) = ax) and Ial =1,




then La e S0(8) (analogous for Ra and Ta;
x — xXa and X —> axa).
Suppose (T, T,»T ) and (T',
] 1]
(TT TlTl s 2 2
of (TI’TZ) for T being the product of two

1,T ') sa

") does so, whence we only

Starting from (1), 'I‘l and T, will be chose

2

rz(xy) = Sasb(X)Tl(Y)

[a(bxb)al T, (¥)

al (bxb) (aT](y))] (%)

(the second Moufang identity is used; (2.2

A sensible choice for T, seems to be L_Lb:

1 a
(x) = a[ (bxb) (by)]
= a[b(xy)] (again by (2.2.9)),
with the obvious conclusion: T, = L L_-.

2 ab
Regarding the uniqueness: suppose T e S0(8

,T ) and (T ' T '), then the identity m:

:TI'TI'1 T,'T, 1) Now:

1 = o v —] =
taking x 1 leads to: T] T] 9 Iy

xT3(1) = T3(x) implies x(yTB(l)) = (x
I,(1) ¢ R and, with |T3(l)| = 1: T,(1) =
(T ! T Yy = (iTl,iTz). 0

REMARK. There is a geometrical interpretat
case that 0 is split (i.e. no division alg

proof above can be found in VAN DER BLIJ &

If T ¢ 0(8)\S0(8), (that is, if det T = -1
an odd number of reflections. It is not di

help of the first Moufang identity) that T

tively the mappings:

(1), then

o prove the existence
tions, say Sasb°

g the way:

ts two pairs;

[ admits the pair

3°
whence (by (2.4.6))

ice T3 = +I and

triality in the
This, and the
GER [4].

n T is made up by
t to show (with the

fies the so-called




second kind of triality:

E]'I'l,'l‘2

€ 0(8)\50(8): T(y)Tl(x) = Tz(xy), Vx,ye0.
REMARK. Since T can satisfy only one kind of triality at the time,

we have here a criterion for the determinant of T.

3.3) Let A:= {(T,T,,T,) « (SO(S))BIT(X)Tl(y) = T,(xy) Vx,ye0},
and A:= {(T,T,T,) ¢ A|T(1) = 1}, (T(1) =1 =T =T,)).
Identifying SO(7) with the subgroup of SO0(8) consisting of matrices

T with T(1) = 1, we find two continuous epimorphisms:
I:A —> S50(8)
m: A" — S0(7),

defined by H(T,T],Tz) = T and H'(T,T],Tl) =T,
I and I' have discrete kernels: ker(ll) = ker(') = {(I,I,1),(I-I,-I)};
therefore they are 2-1 coverings.

To show that A and A' are pathwise connected, it obviously
suffices to find an arc connecting (I,I,I) and (I,-I,-I).

Let Ta: 0 — 0 be defined by Ta(X) = axa, and

C@ := cos TP + e, sin TY; a norm—one octonion. Then the arc

1

© —> (Tc Le 5L, )  (p e [0,1])
o ¢ o

has the required property.

We conclude that A and A' are isomorphic with Spin(8) and Spin(7),
respectively, where Spin(n) denotes the universal covering group
of S0(n).

+. THE AUTOMORPHISM GROUP OF O.

‘4.1) The automorphism group of O consists of those inverftible IR-linear

transformations of O which satisfy
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(1) a(x)a(y) = a(xy) Vx,ye.
Hence a(l1) = 1 and a(ei)2 =-1, 1 <1 <7, so Re(a(ei)) = 0 which in
its turn yields a(ei) = —a(éi), and, in general a(x) = a(x). Then

VxeO la(x)lz = a(x)a(x) = a(]xlz) = lez.

Conclustion: o € 0(7), so Mt (0) c 0(7)”

(o e 0(7) iff o € 0¢(8) and a(l) = 1).

4.2) Let X:= {(a,b) € 0° | (a]1) = (b]1) = (a|b) = 0 and |a| = [b] = 1.
. S0(7) is transitive on X (i.e. V(a,b),(c,d)eX 3TeS0(7):

(Ta,Tb) = (c,d)), and the stabilizer of (el,ez) € X is S0(5).
(i.e. T € SO(5) iff (Te],Tez) = (el,ez)).
Hence X ~ S0(7)/S0(5) as a homogeneous .space.
For (a,b) € X choose c ¢ O such that (c|ab) = (c|1) = (cla) = (e|b) =0
and lcl = 1.
(Such an element exists). Then the linear transformation R, defined
by B(1) =1, B(e]) = a, B(ez) = b, B(e3) = ab, B(e4) = c,
B(ey) = ac, B(e,) = bc, B(e;)

be seen from the multiplication rules for the basis elements, in

(ab)c is an automorphism, as can

a mostly trivial way. (One has to realize that for purely imaginary
octonions x,y: xy = -yx and x2 e R.)

For this reason, the automorphism group of 0, which we will
denote by G for a while, is also transitive on X.

(Note that each automorphism of 0 will act on {l,el, .....
as B does, for some a,b,c.)
The stabilizer of (el,ez) in G is the subgroup Gp, consisting of

all automorphisms that leave D:= <e,e,> < 0 pointwise fixed.

2
(<....>:= subalgebra generated by ceeeceenn ).
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Concerning GD it can be observed:

L
(i) o € G, =« is determined by a(eé) eD, Ia(64)| =13

‘s . 1 .
(ii) conversely, if ¢ € D°, |c| = 1, an automorphism can be

defined such that a[D = idD and a(eh) = c.

We have D = Dl ~ T (D'L = IHeA), so we could look upon GD as the
unit sphere in IH; 83. (The action of GD on Dl equals the action
of SU(2) on H: X € Dl, a(xe4) = x(erA) = (xox)e4 (by (2.4.4) and

(2.4.5)) for a certain x. € D with Ixol = 1. Hence a € GD acts on

0
H by left multiplication with a unit vector)

We conclude that (1) X = G/GD,

(2) since X and Gy (~ S3) are (simply) comnected, G is (simply)

connected and

(3) Dim(G) = Dim(X) + Dim(GD) = 1143 = 14,

(The dimension of X can be found by counting parameters).

Those three facts point to a well-known fact in Lie theory: G is a

compact real form of the exceptional simple Lie group G2'
(This was first observed by CARTAN (1925), who did however not
prove it. Complete demonstrations can be found in e.g.
FREUDENTHAL [9] (calculation of the root-system of G) or
SPRINGER [23] (on which paper the part above was inspired)).

Henceforth, we will write G, = Aut(0).

2

0O contains the field of complex numbers as a subalgebra:

Cc = {x+ye1|x,y € R} c 0. It is easily verified that z(wei) = (zw)ei
for z,w ¢ € and 1 > 1. Therefore, we can consider 0 as a left vector
space over €. As a basis we take {1’82’94?e6}' Rules for multipli-
cation in this space are found by means of those for the ei's. They

are (z,w ¢ €3 i,j € {2,4,6}):

(1) (ze;) w = (zw)e,,

(2) (zei)(wej) = (z 5)(eiej) i#7],




(3) (zei)(wei) = -zw,

(4) z(wei) = (zw)ei.

. c . . .
set (.].) denote the Hermitean inner product on 0 with respect to

(1,e,,e,,e,}. This form can be expressed in terms of the real one:
2°74°76

(5) x| = &xly) + (xle;yre; =i col),

vhere x — Co(x) denotes the orthogonal projection of O on its sub-
space IR & ]Rel.

Let U(4) be defined as the group of unitary transformations
>f 0 with respect to (.!.)c, and let U(3) = {T ¢ U(4)|T(1) = 1}.
rom (5) it follows that {a € Gzla(el) = el} c U(3).

[he contents of (4.4) were suggested to the author by T. Koornwinder.

Jsing the notation of (3.3) we have two groups A and A', which are
isomorphic with Spin(8) and Spin(7), respectively. Let us identify

30(n), for n < 7, with

[T € SO(8)|T(1) = 1 and T(e;) = e;, for i = 1,2,....,7-n}.
[hen the group

[(T,,T,T) « A’[T1 e S0(n)}

is isomorphic with Spin(n). We can (and will, in the following)

identify Spin(n) (for n < 7) also with a subgroup of S0(8):

spin(n) = {T, € SO(8)|3 T € S0(n): (T,T,,T,) € A"},

]’

_EMMA 1. Spin(6) = U(4) N Spin(7).

PROOF. " c'": For T ¢ Spin(6) we have T](X)T(y) = T(xy), for a certain

El € S0(6) and all x,y ¢ O.
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hen T, GHT(H) = |y’
- 2 2 ‘ —_—
T, [T " = |y TETG)

1) T, (xy) = T()T(y).

urther, we have (x[y)m Co(xy) = Co(Tl(Xy))
Co(T(x)T(y))
T |Tin?,

o T € U(4). Clearly Spin(6) < Spin(7).

y (1)

5" Te U(4) n Spin(7) implies: 3 T1 € S0(7) such that

I(X)T(y) = T(xy), Vx,ye0.

y applying (1) we find: Co(Tl(el)) = Co(T(el)T(l)) = Co(el) = e
ince lTl(el)I = 1: Tl(el) =e,. Thus T ¢ Spin(6). 0O

1
et SU(4) < U(4) be the subgroup that is composed of matrices with
eterminant one. (In general: T e U(4) = det(T) = elw).

EMARK: We use two symbols to denote the same element of 0: i = e -

his will, however, not be confusing.

ROPOSITION 2. Spin(6) = SU(4).

ROOF. In view of the previous lemma it only has to be proved that
U(4) = U(4) n Spin(7).

Let T € U(4), with eigenvalues eitp (¢ = ml,wz,w3,w4) and corres-
onding eigenvectors a = 3158553553, Then T is the product of four
airs of reflections (see appendix I):

big * Sa, for (a,p) = (al,wl),(az,mz),(a3,w3),(a4,w4).

e’ a

where the aj's are normalized to: |aj[ =1).

L. L ,R,. R, s ,. S ) is an element of A (by (2.2.8)).
e, 3 ey T 210, @

aking the product of four of such elements for (a,p) = (aj,¢3),

= 1,2,3,4; we obtain (T]’TZ’T3) € Awith T = T3.




1

is
3ut L Lio L (1) = ezlw, hence‘Tl(]) = e . We mention
2 a

e’ Ta

:wo possibilities: 1) Tl(l) =1, then T =T
2) Tl(l) = -1, then -T
[ € Spin(7).

3 € Spin(7), and

| € S0(7), whence (_Tl’_TZ’TB) € A and still

Conversely, T ¢ Spin(7) implies 1) or 2), so we have

roved:

' e Spin(7) iff T (1) = #1 iff 1 (0170 0540,) _ ke 1 ¢ suC4)
since T,(1)° = det(1)). O

OROLLARY 1. The stabilizer of e in G, Z8 SU(3).

'ROOF . Stab(el) = G, n SO(6) = Spin(6) n SO0(6) = SU(4) n SO(6) = SU(3). [

2

’he set of purely imaginary octonions of norm one:
x e 0| (x|1) =0, |x| = 1} is obviously homeomorphic with S6 c ]R7;
‘he six-dimensional unit sphere. Since G2 is transitive on X

defined in (4.2)), it is also transitive on S . Hence we have

6 O
)ROPOSITION 2. S =~ “/SU(3).

dentifying the set of all norm one octonions with the seven-

. . . 7 .
limensional unit sphere S , we obtain

'ROPOSITION 3. S’ w Spln(7)/62.

'ROOF. We have proved that SU(4) is contained in Spin(7). Therefore,

WU(4) being transitive on S7 implies that Spin(7) has the same property.
The stabilizer of 1 ¢ S7 in Spin(7) is:

T e Spin(7) < SO(8)| T(1) = 1}. But, if in in a triple (T,,T,T) € A'

re have T](l) = T(1) = 1, then T1 =T and T ¢ G2 il '

cf. (6.5), remark 3).
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EXCEPTIONAL JORDAN ALGEBRA 53(0).

\n important class of algebras was introduced by P. JORDAN [30] in
933. One year later, in their joint paper "On the algebraic genera-
.ization of the quantummechanical formalism" [18], JORDAN, VON NEUMANN
ind WIGNER presented a detailed description of these algebras; the
'r~humber systems" as they were talled by these authors. Later they
rere named after Jordan.
jeneral definition of a:Jordan algebra :
iny algebra with identity, whose multiplication satisfies:

(n Xy = yx

(2) x°(xy) = X(xzy)
lor all elements x,y.

We will now define a number of Jordan algebras, that are in a
7ay representative for all Jordan algebras (cf. [1],[16] or [18]).
.et {]]Ki (i =0,1,2,4)} be the composition algebras over IR (cf.(2.1)).
le recall that a square matrix T over an algebra with involution
‘X =—> X) is selfadjoint (or Hermitian) if T = Tt (the conjugate and
he transpose of T, respectively).

jonsider the sets Sn(BKi) of selfadjoint nxn-matrices over K.

Instead of the usual matrix product (denoted by XY) that does
10t gemerally preserve selfadjointness, we provide Sn(ﬂKi) with the
‘ollowing product:

(3) X 0o Y = }(XY+YX),
thich is
) commutative but
!) in general not associative and
') preserves selfadjointness, whence Sn(ﬂKi) has become an algebra.
‘or i = 0,1,2 and all n, Sn(ﬂKi) is a Jordan algebra, denoted by
(n(ﬂKi). (This is easy to check).
legarding i = 4, there is the following result: :

_sﬁ(m) is not a Jordan algebra if n > 3‘(see e.g. JACOBSON [16]
. 126/127). The case n = 1 is trivial; sz(o) and S3(®), denoted by
'2(0) and J3(®), respectively, are indeed Jordan algebras, as will be

itated in a corollary of proposition (5.4).




utomorphism groups of Jn(ﬂKi) are:

modulo its centre for i = 0
modulo its centre for i = 1

modulo its centre for i = 2,

last group being that of all symplec
2(d)) it is S0(9) (see (6.5.4)). Fina
d () that the automorphism group is
tional simple Lie group F4. Hencefor
Aut (J3(0))'

lgebras JB(A)’ with A an eight dimen
any base field of characteristic not
e classification of Jordan algebras,

tional Jordan algebras (cf. [11,[18]

ement of 33(0) looks as follows:

X c T

1 %3 %
3 T S o x = (pxyxg
2 41 %3

is abbreviated by X = X(EAE)'

stinguish six elements:

/1 0 0 /O 0
o= |

0 0 0 E2' \O 1
\0 0 0
0 0 0 /0 0
0 0 F‘l’:=‘\o 0
\0 0 1 0 T
! < 0

c [ =
0 0 F3.— c
N 0 0 0

iIEVALLEY & SCHAFER [8]; also £9] and

trices

or J
3(

pact,

will w

compo
play a

re the

can be
orm of

ccordi

algeb

tandin

calle




fultiplication in 33(0) can be described in terms of these six

2lements:

(1) Ei o Ej =0 and Ei o E., = Ei’ 1 <i#3j=<3
d cd
c . _1x ©
(2) F; 0 Fiy 2F 400 L
. (indices mod 3)
Cc
Fy o Fy o= (B, + Epp)eld)
c C
(3) Ei o Fj = iF., E; oF, =0, 1 <i#3j<3

We will now examine some subgroups of F4.

Let Spin(8) and Spin(7) denote the groups A and A' (defined in (3.
respectively, and G2 the diagonal in A (i.e. the triples (T,T,T)).
For T € S0(8), let T* be the transformation T*(x) = T(X), which is

also. an element of S0(8).

PROPOSITION 1. (TAKAHASHI [24], p. 15):
Let o € F,. Then a(EP =E, and a(E2)= E, iff there is a triple
(T],TZ,T;) e Spin(8) with:

X, ey Cy X, T3(C3) Tz(Cz)
(1) o | €5 fz e = T,y(el) %, T,(c)) |> VX =X(x, 3(0))
c, ¢, Xg TZ(CZ) TI(CI) - Xy

PROOF. The identity element of J3(0) is I = E1+E2+E3. Since o 1s a
automorphism: a(I) = I, so E3 = I-EI—E2 = a(I-El-Ez) = a(E3).

c c
Suppose oc(F1 1) = Y(z)é), then 0L~(E2 o F1 1‘) = E2 oy = iy (5.2.3).

| —
0 2d3 0 v, d3 d2
v = 19 1 = Fl
Ef) 2d3 y2 2d1 2 d3 y2 d]
\T —
0 2d1 0 d2 d1 Y3

Consequently d. =y, =9, =7y, =0. In the same way E, oY = Ly
2 1 2. 73 ' 3
implies d3 = 0. Hence cx(Fl 1y = F] 1

of Cys which is orthogonal, as can be seen from

: o induces only a transforma




a (

)| e}

=q [

(E,

ame argument

fore, Tl(c)
,T3 e S0(8),
Regarding th
ed as in (1)
o € F4.
ifying Spin(

quences of t

LARY 2: Let
_ 1

) = F1 .

LARY 3: For

roofs are tr

SITION 1: (F

element of §

Moreover, th

permutation

S
a (F]U ) (5.2.2)
‘)[cllzj
2
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lid for cmz and F3C3. Accordingly we can

e 0(8), i=1,2,3.

— *
= T3(cd) = T3 (cd) for all c,d € 0; and

3.2)); (T,,T,,T57) € Spin(8).
erse: if for a triple (Tl’Tz’Ték)’ a is

s easy to check, with the rules in (5.2),

h the automorphisms (1), we emphasize two
position 1.

in(8) ¢ F,. Then: o ¢ Spin(7) Zff

4

1 1
a € G, iff a(F2 ) =F

in(7) ¢ F 9 -

4

THAL [9]1 & [10])

an be brought to diagonal form by an element

‘ficients of this diagonal matrix are unique
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If 33(0) is divided into equivalence classes:
(1) [X] := {a(X)]|a F4} = Orbit, (X),
T4

we can thus characterize these classes by unordered triples

3
(A A3)eIR.

12427

LEMMA 2. Let T € SU(3), and define
T, : 35(0) — T,(0)

by: (2) T,(X):= (IX)T". Then T, e F,.

PROOF. T can be replaced by a product of three different kir

matrices:
1 0] 0
(i) elements of S0(3), (ii) 0 e 0 e SU(3)
0o o o1
1@ 0 0
.. -i@
and (1ii) 0 e 0 € SU(3)
0 0 1
(for a proof, see appendix II). The reader will find no ul-

ties in proving that the lemma is correct for a T of typ
(ii) or (iii). Further, we have (by (4.3.1/4)): (TITZ)* (TQ)*
for TI’TZ € SU(3). Now the proposition follows easily.

REMARK. If T is of type (ii) or (iii), we have T, ¢ Spin(8)

Proof of the proposition (5.4.1):

Let X = X(E)E) € JB(O) and assume that c; #0,1i=1,2,3 (i is
false, there is only less work to be done). In a number of X
will be transformed to a diagonal matrix, merely by applyin ents

of Spin(8) and automorphisms of type T .




tep 1: Use a, = (L&
ol
1
X, cq
= —_ - 1
= al(X) Cy X,y
cz' fc]i

tep 2: Find a T ¢ S0(2)

'x2 |c1| . /X
T =(
[cll X4 V0
1 0
€ S0(3). T
0 T
c [}
1 3
= = =n '
2 = T =| 7 )
c2" 0
tep 3: With a, € Spin(8)
btaining
X
o= - — m
5 aZ(XZ) oA
e,

tep 4: We know that G2 i

ctonions. Hence, there i
e ey
c - Re(c e an
| 3 ( 3 )l 1°

111 call also ay. Thus:

hat

sitive
€ GZ’
rrespo

Spin(8) to obtain

itify T with

(like in step 1),

heres of purely imaginary
‘m) = Re(c3'")' +

element of F,, which we

4
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Zz x.! 0 with z € C.

tep 5: The Hermitian complex matrix Xﬁ can be transformed to diago-

al form by a T,, with T ¢ SU(3) (see e.g. CHEVALLY [7] p.12/13).

roof of the uniqueness of this diagonal matrix:

Al 0 0
uppose we have aX(X) =10 A, 0 R
0 0 A3

here a is the combination of all steps above. The trace of X has

ot changed during this process, hence

3
3) izl A = trloag(X)) = Tr(X),

2 2 2 2 2
4) izl A = (e (X7 = trag(X)) = txX),

nd, since aX(X o Xz) = (xX(X2 o X) and Oy is 1-1, we have

X o X2 = X2 o X =: X3, so

3 3 3 3
5 I A7 = tr(eg(Xx)) = erX).

i=1 ,

‘he Ai's are determined up to permutations by (3),(4) and (5), and

\J

:hese permutations can easily be accomplished by'T* s.

/“1 0 0\
or T={ 0 0 =-1,e80(3), T _interchanges A, and Age 0
L0 -1 0/

EOSL G T phn s MVATUER S S0H Gide i ke
AMSTERDAM




COROLLARY 2. .IT3(®) and Jz(d)) are Jordan algebras.

PROOF. For X ¢ J3(®) we denote the diagonalizing automorphism by

e (aX is not uniquely determined by X)., If Y ¢ Jg(o), clearly

1 (X 0 (x? o)) = ax(x2 o (X 0 Y)),

vhich yields the result, since o, is injective. As concerns JZ(O);

X
chis is in an obvious way a subalgebra of J3(®) (cf. (6.5)). O

REMARK. JB(Q) possesses a real inner product, defined by'(XlY):= tr(XoY
which is invariant for F4 by proposition (5.4.1). If a symmetric tri-
linear form is.defined by (X|Y|Z) := (X 0o Y Z), it can be proved that
F, is the subgroup of all linear transformations of J3(®), consisting

4
>f those that leave (X|Y) and (X|Y|Z) invariant (cf. CHEVALLY &

SCHAFER [81]).

Suppose that [X] is characterized by (Al,k sA,). The characteristic

2°73

squation of aX(X) is

3

m (A. =2A) =0 or
. i

1=1

3 2 - B
(1) =27+ T = (A g h A DA+ A ), = 0.

But A1+A2+A3 = tr(aX(X)) = tr(X),

1 2 2
X1A2+A2A3+A3XI = E{(tr(X)) tr(X”)) and

\ kg = %-tr(XB) - %—tr(Xz)tr(X) +-% (tr(x))>.

Substituting this in (1) and writing out the traces explicitly in

the coefficients of X = X(x,c) yields

3 2 ’ 2 2 2
2) AT+ A (x1+x2+x3) + A(Icll +Ic2[ +!c3| - x]xz—x2x3—x3x]) +




2 2 2
(x1x2x3—x1|cl| —x2|c2| -x3[c3| +2Re(clc2c3)) = 0.
his equation can be considered as a characteristic equation for
lements of 33(0).

For A = 0 we obtain a generalized definition of the notion of

determinant:

et (X) := £ tr(x3) - -‘2- tr (X2)tr(X) + -é—v’(tr(X))?’.

1
3
DUCIBLE IDEMPOTENTS IN 53(0).

€ JB(O) is said to be an irreducible idempotent if the following

wo conditions are satisfied.

i) x% = x.
ii) X = X, +X ith X2 =X,, X2 = X. and
)&= 4Thy W 1 - %1t TR

X, oX, =0 implies: X, = 0 or X, = X.

1 2 1 1

et IP denote the set of all irreducible idempotents in 53(0).

EMMA 1. For X = X(x,c) the following assertions are equivalent:
1 X e TP,

>2: tr(X) =1 and Xiéi = (i =1,2,3, indices mod. 3

c. .cC.

2 i+1 142
with |ci| = Xi+1xi+2'
>3: X e [EIJ( = [Ez] = [E3]) (cf. prop. (5.4.1)).

Y4 tr(X) = tr(X2) = tr(X3) = 1.

ROOF. First, it should be mentioned that IP2 is equivalent with
2" tr(X) = 1 and xz = X, which is easy to verify.

hen, all implications follow from a consideration of the eigenvalu
f an irreducible idempotent:

f X ¢ 33(®) is an idempotent, we have

2 3 2 3
=X =X, so aX(X) = aX(X ) = aX(X ),




vhich implies, if [X] ~ ()\I,Az,>\3) (cf. (5.4.1)),

W, = >\.2 = >\.3 for i =1,2,3., Therefore, A\. = 0 or . = 1.
i i i i i

then X is moreover irreducible, aX(X) must be so too, which leaves

:he only possibilities:

Gy = 1 and }‘i+] = )‘i+2 = 0, where i = 1,2 or 3. g

.et the stabilizer of E] in F, be denoted by S. For X = X(x,c) and

' = Y(y,d) being elements of IP, we have the following
EMMA 1. 30 e S : aX) =Y <Zff X, =7y,

) no_n, = ¢l C2 c3
ROOF . =": X x]E1+x2E2+x3E3+Fl +F2 +F3 .

11 o X = x1E1+§(F2C2+F3C3). Apply a to obtain

dy

*) x\E 2

+a®,2+7.°3) = Boa(X) = E 0 Y = y E+F 1+4F

1 1

1

c
suppose Z = one of oqucz and onF3 3, Then E1 o Z = }Z implies that f

:oefficient of E] in Z must be zero. Thus ochcz and aF3C3 do not
:ontribute to the coefficient of El in Y. With (%) it follows that

:1 = yl.
! "

« ": With the first two steps of the proof of (5.4.1) we can trar

‘orm X into a matrix

X 3 €9

a(X) = 33' xz' 0 ,
T ]
\c2 ' 0 x3

by a certain o ¢ s. But a(X) € P, so (by IP2) c, = 0 implies

case one: Xz' = x3' =0=a(X) = El’ whence, since a € S and

a is l—l,X=EI=Y.

case two: say xz’ # 0 and x3' = 0 (without loss of generality),

then c2' = 0 and




* leg'l 0
a'(@(X)) = ( [ey'] I-x, 0
0 0 0

for a certain o' ¢ Spin(8) c S.
[f we do the same for Y, we .get the same matrix, since

c3']2 = Xl(]_xl) = y](l—yl) = ]d3'|2. O

'ROPOSITION 2. The orbits of S in P are characterized

) < X < 1, which is the coefficient of Ey; in all eleme

ROOF. X = X° = X, = x]2+[c2|2+|c3|2 (X = X(x,¢)),
low the proposition is merely a corollary of the lemma

EMMA 1. OrbS(EZ) ~ 88 c IR9.

6.2,
2) (:—___—'2—)' {X(_}_{_,E) € IPIX] = 0}- But X] =
9 = €3 = 0 (cf.P2 (6.1)). Hence, OrbS(Ez) is composed

hich have the form

'ROOF . OrbS (E

/0 0 0
0 1-x c with rclz = x(1-x) or,
v 0 T X rewritten : |2c|2 + (2x—1)2 =1, C

ROPOSITION 2. The stabilizer of E, in ¥, is isomorphic

he universal covering group of S0(9).

ROOF. From the lemma it follows that S is transitive o
ook for the stabilizer of E2 in S, we find (by (5.3))

Spin(8) = (S n StabF4(E2)).

ence S8 ~ S/Spin(8); in particular:

is connected and Dim(S) = 8 + Dim(Spin(8)) = 8 + Dim(
1m(S0(9)).

25

Y1 and

wmber:

f an orbit.

.1les

le matrices

nin(9) ?

If we




. 8 . .
The action of S on S  is obviously the same as that of
Consequently, there is a continuous homomorphism @: S — 0(
representing this action.

If a € S induces the identity on SB, we have

x(E,) =E,, i=1,2,3 and Vc e 0: a(Flc) = Flc.

Hence a = (TI’TZ’TB) € Spin(8), with T, = id. Thus, the kern

1
consists of (I,I,I) and (I,-I,-I). Furthermore:

(i) The image of ¢ is lying in SO(9) since S is connected,
(ii) is even equal to S0(9), since Dim(S) = Dim(S0(9)) and s

the kernel of ¢ is discrete. 0

ienceforth we will write Spin(9) = StabF4(El)

_EMMA 1. Let XO = XQ(E!E) € TP such that 0 < X, < 1. Then

15
OrbSpin(9)(XO) ~ ST,
>ROOF.
/1 d3 d2
et Y = X, Hé Yy . dl € JS(O).
dy dy Y3

’hen, by (6.1.3) P2, we have:
{ ¢ P (and thus, by (6.2.1), € OrbSpin(9)(XO)) iff

2
|

12 2 2 _1°
317 y5 = 14,17 and [d,]7 + [4,4]7 = Fa

'ROPOSITION 2. §'° a SPIR(9) /g ir (7).

’ROOF .

'he stabilizer of x 0 0 0
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E, and F: s

in Spin(9) has to be the invariance group of El’ 3

vhich equals Spin(7) (cf (5.3)). 0

CEMMA 1. Let X,Y € TP. Then
{oY= Q iff BBXY € F4: BXY(X) = E1 and BXY(Y) = Ez.

’ROOF .

1 ", = =
«<":0 E1 o E2 BXY(X 0Y).

= ": From E1 o uX(Y) = 0 it follows that

0 0 0
LX(Y) =10 y d € IP. But then:

0 d I-y
LX(Y) € OrbSpin(9)(E2)’ so there is a YY € Spin(9) with YY(Y) = E2.
‘hus BXY = YyOye O

‘OROLLARY 2. Let X,Y,Z be three non—zero elements of TP . Then
(o0Y=Yo0Z=Z2Z0X=0 <Zmplies X+ Y + Z = 1.

'ROOF . BXY(Z) = E3, as can be seen easily. 0

n general:

X]E1+A E +)\,E_ ] = {A1X+A

gEo+AsE, Y+A3Z|X,Y,Z as above}

2

EMARK 1. By abuse of language we spoke about F4 as being the group
f automorphisms of J3(®) restricted to IP. But this rectriction is

bviously injective, so we are justified.

EMARK 2. It should be clear from the foregoing that the automor-
hism group of JZ(O) is Spin(9) modulo {(I,I,I),(I,-I,-I)} < Spin(8),

here JZ(O) is identified with all matrices
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0 0
X, c in JB(O).
< X4

This group is equal to S0(9), of course.
REMARK 3. Another proof of cor. (4.6.1):

1 c cy

T 1 1) e TP}

c 1 1

S'" ~ {X =

w|=—

Spin(7) is transitive on this set, when considered as the st

of Fll in Spin(8) (cf (5.3.1)).

1 1 1

The stabilizer of .% 111 in
111

spin(7) is {(T,T,T,) € Spin(7)|T1(1) =1} = c,.

Hence S7 IS Spln(7)/(}2. g

7. THE PROJECTIVE OCTONION PLANE.

(7.1) To start with, we will show some properties of IP, which wil

proposition (7.2.1) more plausible.
LEMMA 1. There is a continuous epimorphism:

o: (Spin(9))° —— F,.

PROOF. Say (Spin(9))3 = Stab(E]) x Stab(EZ) X Stab(El) c Faé

and let & be defined by

@(al,az,a3) = a,a,0,.

We will see how any o ¢ F, can be factorized in this manner.

4
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Suppose a(El) = X(E}E)' There are a

uch that:

€ Stab(El) and o, € Stab(Ez),

1 2

J T
\_c2' 0 1-x

xf. (6.2.1): this lemma is also valid for Stab(Ez)).
WS 0,00 € Stab(El), say a,0,0 = a

= a1_1a2-1a3 e (Spin(9))3. O

3¢ But then

JROLLARY 2. F4 18 compact and connected, and so are all of its orbits
1 £3(®).

‘he first half of this statement is one of the things we took for

anted in the previous section; though we did not use it).
IMMA 3. Dim(IP) = 16.

\00F. Dim(IP) = Dim(Fﬁ) - Dim(Spin(9)) = 52 - 36 = 16. O

» recall a global (not complete) definition of a projective plane:

\n aggregate of two families: one being composed of points and one
f lines. In this set an incidence relation between members of diffe-

:nt families is defined, satisfying:
1) A line is incident with at least three points, and

(1) two different lines (points) are incident with exactly one

point (line)."

I a projective plane over the octonions is to be constructed, con-
:ntional methods break down on the lack of associativity. (This
3 the case, for example, with the method of decrease of dimension).

1e following construction was carried out in detail by FREUDENTHAL
1.

FINITION. Let the set of points P and the set of lines L both

» copies of IP, and let an incidence relation be defined as




XeP and Y € L are incident iff X o Y = 0.

PROPOSITION 1. Being the "union"” of P and L, P is prc

structure of a projective plane (over 0).

For complete demonstrations the reader should consult
(9], TITS [25] (this last author has a remarkable geon
or to SPRINGER [22] (for an extensive and purely algeb

presentation).

We will prove here only a part of the proposition.
Two different lines (points) are incident with at most

PROOF. Let X,Y € L(P) and 21,22 € P(L), assuming that
(i) X # Y (ii) X o Zi =Y o Zi =0, i=1,2

Using the type of automorphism of which we proved the

(6.5.1) we obtain:

BXZI(Y o Zl) = BXZI(Y) o E2 = 0. Hence, BXZ](Y) has th
y 0 ¢
0 0 .
c 6 I-y

Furthermore, BXZ](X o 22) = E1 o BXZI(ZZ) so

0 0 0
SXZI(ZZ) = 0 f_ d for some x,d.
0 d 1-x
0 dc (1-x)T \
3. (Yo2z) =1 | de 0 (1-y)d “
XZ, 2 /
\(1-x)c (1-y)d 2(1-y) (1-x)

and this must be the zero matrix.

with the

"REUDENTHAL
approach)

‘general)

oint (line).

nce in
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If y = 1 then BXZ ) = E1 (since it is an element of TP),

ch implies X = Y (B;ZI is injective). The only other possibility

x = 1, but then SXZ](ZZ) = E2, so Z1 = ZZ' 0

[ARK. The projective plane over © is also related to the exceptional

and E_. We mention a few references considering these

groups E6’E7 8

ters:

: FREUDENTHAL [9], TITS [26], CHEVALLEY & SCHAFER [8].

& E8: FREUDENTHAL [11], TITS [261].

ere are, of course, many more)

© a survey, see FREUDENTHAL [12], or (very concise) VAN DER BLIJ [2].
'ENDIX I.
MA. A unitary transformation is a product of reflections.

OF. T € U(n) implies that there is an Hermitian orthonormal basis

eigenvectors for Cn, say (vl,....,vn), with
T(Vk) = elwkvk 1 £k < n.

can write T in the form
j=1 4

‘e Tj is defined by
03,

» Tj(vj) = e and Tj(vk) = Vo j # k.

. n ’ 2n . .
1sider € as a real vector space, IR° , with inner product

R

y) 1= Re(xly)m. The set of vectors (Vl’iVI’VZ"""ivn) forms
2n

orthonormal basis of R™ .

: Tj we find, in this language:
:vj) = vj cos wj + (ivj) sin qg,
:ivj) = - vj sin mj + (ivj) cos wj,

. _ G _ . —
‘Vk) Vi and TJ(lvk) iv, if j #




\ reflection in the Euclidean space R" is known to be defined for

iy a ¢ R with |a] =1 by

Sa(x) = x - 2(x|a)DRa.

wpplying the pair S ;. . S,,. to our basis (v ,iv. ,iv, ,....,1iv_)
ezlwhvj Vs 12Vt n

_eads to the conclusion that its action is equal to the action of T,. U

J

\PPENDIX II.

JEFINITTONS:

)(n) = set of complex, diagonal nxn-matrices

ID(n) := U(n) n D(n)

3UD(n) := SU(n) n D(n).

J)ROPOSITION. For every T € U(n), there can be found T,»T, € 0(n)

md A € UD(n), such that

T = Tl A T2.

ROOF. (by T. Koornwinder)

(Tt := transpose of T, T 1= conjugate of Tt)

et T € G(n). Then TTt é U(n), and

arH* = (H* tF = T T = TTE.

ience, Tt = C+iD, with C and D real and CD = DC (since, in U(n):
* =y,
Moreover, we have C = Ct and D = Dt. A commuting pair of square,

ceal, symmetric matrices can be diagonalized simultaneously:

1T, e SO(n): T]—] cT, T 1y T, € D(n).

[—

3ut then: Tl_l(TTt)Tl e UD(n).

choose A ¢ UD(n) with A2 =T

et T, := A_ITI—]T e U(n).

-1 t
1 (TT )Tl.
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-1, -1

Aty Tlpptp a7

. t
Since T,.T

272 1 1
-1 -1 2, -1 -1
= A T1 (TIA T1 )T]A
=1,
it follows that T2 € 0(n). Now we have TI’TZ and A satisfying
the conditions of the proposition. g
COROLLARY (~ LEMMA (5.4.2)): V T € SU(n) 3 TI’TZ e SO(n) and

3 A € SUD(n), with:

T = Tl A Tz.
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